The possible actions of symmetry groups on generalized Higgs fields coupled to an Einstein-Yang-Mills field are studied with differential geometrical techniques involving principal and associated bundles. A classification of conjugacy classes of these actions and the form of the corresponding invariant Einstein-Yang-MillsHiggs (EYMH) fields is obtained and then applied to the case of static spherically symmetric fields over four dimensional space-time. The representations of the gauge group for which spherically symmetric Higgs fields exist are identified and the set of all field equations for the independent functions that describe these fields is analyzed and the corresponding ordinary system of differential equations is derived and shown to be consistent.
Introduction
It has long been realized [1] that Yang-Mills potentials correspond to the local functions needed to describe a connection on a principal bundle P over spacetime M whose structure group G o is the physical gauge group. A local gauge transformation is then represented by a change to another local section of P .
Similarly, while the standard Higgs field is a scalar function on space-time with values in the Lie algebra g o of G o and transforms under the adjoint transformation in g o , it is easily generalized to have values in a vector space (or manifold) on which the gauge group acts. In fact, a generalized Higgs field is best defined as a section of a bundle E associated to P since that already incorporates the relation to the gauge group and the gauge changes [2] [3] [4] [5] .
Over the last one or two decades much work has been done exploring special classical solutions of Yang-Mills gauge fields in interaction with the gravitational field, the so-called Einstein-Yang-Mills (EYM) fields. This work starting with numerical regular and black hole solutions for the SU(2) gauge group [6] [7] [8] [9] and followed soon by rigorous existence proofs [10] [11] [12] has dealt mainly with the spherically symmetric static case although some very special rotationally symmetric stationary solutions have also been numerically constructed. In most papers the gauge group was chosen to be the simplest nonabelian one, namely SU(2), but some numerical studies have been done for SU(n) with n ≥ 3. The inclusion of gravity unfortunately makes some of the techniques used in the Yang-Mills-Higgs theories on Minkowski space less effective like, for example, the Bogomol'nyi equations which have lead to many rigorous results for arbitrary compact gauge groups (cf. [13] . For a survey of EYM solutions see [15] 
1).
We have been particularly interested in studying the general geometric, analytic and algebraic problems that arise when the gauge group is an arbitrary compact semisimple Lie group and the symmetry group acts on the principal bundle by arbitrary automorphisms as long as they project onto the 'normal' action of SO(3) by isometries on a static space-time manifold. In [16, 17] it was shown how the the conjugacy classes of these group actions correspond to Dynkin's [18] classification of sl 2 C subalgebras of semisimple Lie algebras. We then derived and analyzed to some extent the resulting system of ordinary differential equations [17, 19, 20] . It turns out that the analysis of these equations even in this static spherically symmetric case poses already many interesting problems. About the set of global solutions satisfying appropriate physical boundary conditions still very little is known for gauge groups other than SU (2) . The possible actions of SU(2) by automorphisms on principal bundles come in two main groups which we called regular and irregular. For regular actions the static field equations allow a simple gauge choice such that with suitable boundary conditions a nonlinear and singular boundary value problem for a number of functions of the radial variable r results which is numerically difficult to solve but feasible (see, for example, [21, 22] ). In the irregular case there appears to be no simple gauge choice to eliminate some dependent variables and the boundary value problem becomes degenerate and thus numerically quite unstable.
The purpose of this paper is two-fold. On the one hand we analyze carefully the possible actions of a symmetry group on both the principal and associated bundles and extend the classification of the conjugacy classes of action by automorphisms on principal bundles by Brodbeck [23] to those on associated bundles. This construction works for quite general symmetry group actions, structure groups and representations of the structure group on vector bundles subject to only very mild restrictions on the orbit structure. The main result is Theorem 1 which also allows us to make a fairly natural gauge choice in the general and in particular also the spherically symmetric case.
On the other hand we use this general result to classify the possible static spherically symmetric field equations of a general Einstein-Yang-Mills-Higgs (EYMH) system for arbitrary compact semisimple gauge groups, arbitrary symmetry group actions, and arbitrary representations defining the associated bundle whose sections are the generalized Higgs fields. This classification also applies, of course, to the Yang-Mills-Higgs theory where some early work [24] was done before the study of the EYM equations started. When generalized Higgs fields are included many results of the representation theory of compact Lie groups can be used.
We work with theories for which the Lagrange density is of the form L |g|d 4 x with
where R is the scalar curvature of the metric g αβ dx α dx β , k is an ad-invariant positive definite inner product on the Lie algebra g o of the gauge group G o , and h a (Hermitian) inner product on a (in general complex) vector space V , invariant under the action ρ : G o → GL(V ) and W is a scalar function of its argument serving as a potential. D α Φ denotes the gauge covariant derivative of the Higgs field Φ which depends on the metric, the gauge potential and ρ. (Also, κ = c 4 /(8πG) with G being Newton's constant, Λ is the cosmological constant while coupling constants for the Yang-Mills and Higgs fields can be absorbed into the definitions of the inner products k and h.)
Part of our assumptions is that both the gauge field and the Higgs field are invariant under the appropriate actions of the symmetry group on the principal and the associated bundle, respectively. We then find that nontrivial spherically symmetric Higgs fields may not exist for certain representations ρ like a 2-dimensional irreducible spinor representation, for example. This does not exclude the possibility of such a (noninvariant) Higgs field contributing to a spherically symmetric stress-energy tensor, however, and thus being compatible with a spherically symmetric space-time metric. But we are not aware of any reasonable definition of symmetry in which such Higgs fields themselves could be regarded as spherically symmetric.
The paper is organized as follows. In sections 2 and 3 we recall the definition of automorphisms and automorphism groups of associated bundles and establish some notation. The general classification of invariant gauge and Higgs fields under any symmetry group action is obtained in section 4. In section 5 we specialize to the symmetry group K = SU(2) and derive all field equations. We then verify that a consistent set of first and second order ordinary differential equations in the radial variable is obtained, subject to a set of constraint equations that need be satisfied only at one regular point and are then 'conserved'. This result is true whether or not the action of K is regular or not, but as in the pure EYM case the gauge choice is simple only in the regular case. In the final subsection we use results from [17, 19] to cast the field equations into a fairly explicit form from which a numerical algorithm could be derived. We do not, in this paper, analyze what kind of boundary conditions are implied by reguarity assumptions on the solution at singular points like the center (r = 0) or at a black hole horizon. In the general case (arbitrary compact gauge group and arbitrary representation) this is likely to lead to a considerable number of nontrivial algebraic problems as one can guess from the experience with the EYM fields. It is, however, a necessary first step for a numerical exploration of the solution set.
Associated bundles and their automorphisms
Let P = (P, π, M, G o , R) be a principal bundle over a manifold M with projection π, structure group G o and right action R of G o on P , R :
Given another manifold V and a left action ρ :
We denote the fibers of P and E over x ∈ M by P x = π −1 (x) and by
We will, in general, assume that the action ρ is effective, i.e. that
is an isomorphism of V onto E π(p) (a diffeomorphism in general, a vector space isomorphism if V is a vector space). We note thatπ
It is well known (e.g. [5] ) that there is a one-to-one correspondence between the set Cπ E of sections Φ of E and equivariant mapsΦ : P → V (i.e. maps
whereψ is an induced diffeomorphism of M onto itself. An automorphism of E is a bundle isomorphism (χ,ψ) of E, i.e. satisfying π E • χ =ψ • π E , and inducing an isomorphism of E x onto Eψ (x) for any x ∈ M that is of the form χ =π q •π
for a certain p ∈ P x := π −1 (x) and q ∈ Pψ (x) (cf. [25] ,p.55).
Given an automorphism ψ of P there is, however, a natural way to induce a related automorphism ψ E of an associated bundle E, namely by choosing q = ψ(p) so that
In this case a section Φ ∈ Cπ E is invariant under an automorphism
iff the corresponding equivariant mapΦ : P → V is invariant in the sense of satisfyingΦ • ψ =Φ.
(See [26] , for example.) Every automorphism of E is induced by one of P in this way, provided that the action ρ defining E is effective.
We now describe both ψ and ψ E with respect to a local trivialization U × G o of P where U is an open set of M. Given a local section σ : U → P define a local trivialization of P by
and let
be the associated local trivialization of E. With respect to this trivilization a section Φ of E can always be written as
for some map φ : U → V .
The corresponding equivariant mapΦ then satisfiesΦ
and under a gauge change a Higgs field Φ transforms like φ(
In such a local chart we can describe the automorphism ψ in the form ψ σ(x) =
3 Symmetry group acting on P and E
We will be interested in groups of automorphisms of P and of E that cover the same diffeomorphisms of M and want to explore just how many independent choices can be made to describe such actions completely. For classical relativistic field theories we would expect to have an isometry group of a Lorentzian space-time manifold M and, if there are gauge fields and Higgs fields present, we would expect this group to lift to act by automorphisms on the bundles P and E so that all physical fields are invariant under this symmetry group action. (This is to some extent even implied if Einstein's equations hold because then, if the metric is invariant, the whole stress-energy tensor will have to be invariant too which imposes strong constraints on the gauge and Higgs fields although it does not imply that they are invariant under the symmetries.)
For the remainder of this article we will assume that that the associated bundle
That is V will be taken to be a finite dimensional vector space and ρ :
We will also assume that there is a positive definite Hermitian inner product h : V × V → R on V that is invariant under the action of G o . In other words h(ρ g v, ρ g w) = h(v, w) for all g ∈ G o and v, w ∈ V . We note that if G o is compact, then there will always exist such an inner-product.
We call a principal bundle P = P (M, G o ) on which a Lie group K acts effectively on the left ψ :
by principal bundle automorphisms a K-symmetric principal bundle. Letψ :
As discussed in the previous section, the action (6) induces a natural left action of K on E by bundle automorphisms which is given by
and in local coordinates by
The symmetry group action is therefore determined (in a given gauge) by two mapsψ :
It is easily seen that ψ E induces a right action ψ * E on the set Cπ E of sections of E by ψ
Therefore a section Φ is called invariant under the action of K if
The invariant Hermitian inner-product h can be used to induce a Hermitian inner product on the vector bundle E. If σ : U ⊂ M → P is a local section and Φ, Ψ ∈ Cπ E are two sections with local representatives Φ σ : U → V and Ψ σ : U → V , respectively, so that
then the Hermitian metric h on E is defined by the formula
The G o -invariance of h guarantees that this local formula defines a global Hermitian metric.
Classifying invariant Higgs fields
As in the previous section we assume that P = P (M, G o ) is a K-symmetric bundle and that K acts on the vector bundle E = P × ρ V according to the natural action (7) . Also, for the remainder of this article we will assume that the symmetry group K is compact. Once we know this, then we know that there exists an open dense subset U ⊂ M such that U is, at least locally, regularly foliated by orbits of K under the actionψ on M. Fixing a point x o ∈ U and letting K o be the isotropy group of x o , we then have that locally
This shows that we can, with a minor loss of generality, assume that M = M × K/K o with theψ action given bȳ
In [23] it is established that the K-symmetric principal bundles over base manifolds of the form M ×K/K o can be classified by a homomorphism λ :
The classifying bundle Q is constructed as follows. Let P M be the portion 
where
p, q ∈ P M are in the same fiber then the homomorphisms µ p and µ q belong to the same conjugacy class. Next, fix
and it can be shown that Q is a principal bundle over M with structure group Z. Thus each K-symmetric principal bundle P with base manifold
Conversely, given ( Q, λ) it is possible to construct a bundle isomorphic to P . We describe the construction below because it produces a principal bundleP isomorphic to P on which the K action is made as simple as possible. This makes it easy to identify the K-invariant Higgs fields.
LetP := Q × K be the product bundle with base M × K/K o and gauge group
The projection πP :
where π Q : Q → M is the principal bundle projection map. Clearly,
is a left action of K onP by bundle automorphisms.
We let ρ λ be the homomorphism defined by ρ λ :
. This allows us to define the associated bundleP :=P × ρ λ G o . It can be verified thatP is a principal bundle with base M × K/K o and structure group G o with the right action of G o given bŷ
The bundle projection map πP :
= πP (q, k). As indicated above, the importance ofP is that it is isomorphic to P with the isomorphism defined byP → P :
This defines a K and G o equivariant bundle isomorphism that induces the identity on the common base M × K/K o of the two bundlesP and P . We also note that left action of K onP is given simply bŷ
Now that the bundleP has been defined, we can use it to classify the invariant Higgs fields. Consider the associated vector bundlê
, g] is a point inP and v is a vector in V . We note that the natural left K-action ψÊ : K ×Ê →Ê is given by
This follows from (12) and (7). Let Φ : M × K/K o →Ê be a section ofÊ that is K-invariant in the sense of (9) . In other words, Φ is a K-invariant Higgs field. From section 2, we know that Φ is equivalent to a G o -equivariant map
commutes. We claim that this defines a K-equivariant principal bundle homomorphism betweenP and P . To see this note that
This establishes the Kequivariance of the bundle map. We also note that since
, where we are usingŘ g 1 ((q, k), g) := ((q, k), gg 1 ) to denote the right action of G o on the bundleP × G o . This shows that the bundle map (13) induces the identity homomorphism on G o .
From the commutative diagram
and the fact that πP ×Go is surjective, it is clear that the equivariant map corresponding to the Higgs fieldΦ is completely determined by the map
Since πP ×Go is both G o and K equivariant, it follows thatΦ is K and G o equivariant. That isΦ satisfieš
The mapΦ possesses an additional invariance coming from the construction of the bundleP . Letting φ g denote the action
it follows from the definition ofP as the associated bundle that πP ×Go
From (14) we have thatΦ((q, k), g) = ρ g −1Φ((q, k), e) while (15) shows thať Φ((q, k), g) =Φ((q, e), g). Combining these two results yieldš
We also have from (16) thať
Equations (17) and (18) imply thať
for all q ∈ Q and z ∈ Z, h ∈ K o . Defining the map
equation (17) shows that L and the action ρ can be used to completely determine the invariant Higgs field via the relationship Φ([(q, k), g]) = ρ g −1 L(q) for all q ∈ Q, k ∈ K, and g ∈ G o . This can also be written as
The map L is not arbitrary but is in fact a section of the associate bundle
This shows that L : Q → V is an equivariant map and hence by the discussion in section 2, uniquely determines a section of the vector bundle Q × (ρ,Z) V . Setting z = e in (19) shows that L must satisfy also the additional condition
We summarize the above results in the following theorem: 
in the sense of Brodbeck (see (11) and [23] ), (iv) V is a vector space, ρ is a linear representation of G o on V , and E := P × ρ V is the associated vector bundle.
Then the set of K-invariant sections of the vector bundle E is in one-to-one correspondence with the set of maps L : Q → V satisfying
In order to derive the EYMH equations we need to have explicit local formulae for the invariant fields. This means fixing a gauge. To fix the gauge, letσ :
, the two local sectionsσ andσ can be used to define local section (i.e. a gauge) ofP by
In [23] it is shown that the the set of K-invariant connection forms ω on P is in one-to-one correspondence with the the set of pairs (ω,Λ) whereω is a connection form on Q andΛ is a mapΛ : Q −→ gl(k, g) that satisfies
for all q ∈ Q, h ∈ K o , and ξ ∈ k o . Moreover, it is shown in [23] 
for all (y, kK o ) ∈ U ×Û . This shows that in the gauge (23) (see (5) ) the Higgs field is given by
In view of (22),
where ρ : g o −→ gl(V ) is the Lie algebra representation of g o on V induced from the group representation ρ.
Another important fact that will be needed for the analysis of the EYMH equations is that invariant Higgs fields produce an invariant stress-energy tensor. The Higgs field contribution to the stress-energy tensor is made from the two following combinations of the Higgs field: h(Φ, Φ) and
where D X is the covariant derivative on E and h is the Hermitian metric on E (see (10) ).
Equations (8), (10) , and the G o -invariance of h imply that
for all (Ψ, Φ) ∈ Cπ E × Cπ E and k ∈ K. Therefore any
This shows that h(Φ, Φ) defines a K-invariant function on M.
Spherically symmetric field equations

Field equations in general
We assume that the Lagrange density is Lτ = L |g|d 4 x with L given by (1). Since for compact Lie groups all finite-dimensional representations are equivalent to unitary ones the inner product h on V can be assumed to be Hermitian and positive definite. Here κ = c 4 8πG with G being Newton's gravitation constant. We may assume that any other physical coupling constants are subsumed in the choice of the inner products. (For each simple component of a semisimple gauge group G o and every irreducible subspace of V there could be a different coupling constant.) We will also use the notation X 2 for k(X, X) if X ∈ g o and for h(X, X) if X ∈ V .
Variation with respect to the metric, the gauge potential components and the (real and imaginary) components of a Higgs field then yields the field equations
Equation (29) can be written in the form
whereρ :
(the second formula being true because ρ A is an anti-Hermitian operator on V ). It then follows from the invariance properties of k and h,
that the mapρ satisfies ρ(x, y) = −ρ(y, x) ,
If k Γ∆ and h IJ are the components of k and h with respect to bases {e Γ } of g o and {E I } of V , respectively, thenρ can be given bỹ
where (k Γ∆ ) is the inverse matrix to (k Γ∆ ) and
In the special case where ρ is the adjoint representation, the mapρ is given by the negative of the Lie bracket, i.e.ρ(A, B) = −[A, B].
Spherically symmetric EYMH fields
The spherically symmetric space-time metric can be given in a Schwarzschildlike coordinate system by
where N and S are functions of r and t, in general, and of r only in the static case. The function N is related to the mass function m(r, t) by N = 1 − 2m/r − Λ/(3κ)r 2 . We assume that the space-time M is diffeomorphic to M ×S 2 where M is the 'r-t' manifold and S 2 the orbits of the symmetry group action.
The Yang-Mills potential for the gauge group G = SU(2) has often been given in the so-called Witten form [27] which is, however, not easily generalized to other gauge groups. Potentials for general compact gauge groups (in the EYM case) have first been discussed by Bartnik [28] and by Brodbeck and Straumann [16] . They show that the gauge potential can be given in the form
If we choose the symmetry group to be K = SU(2) whose action on spacetime has as isotropy subgroup
Λ is a map from M into the space of linear maps from k to g o subject to (24) 
where Λ k = Λ(τ k ), {τ k : k = 1, 2, 3} being the standard basis of su(2) with τ 3 spanning k o . So Λ 3 = λ ′ (τ 3 ) ∈ g o is a constant vector characterizing the embedding of SU (2) in G and thus the conjugacy class of the SU(2)-action on P . Also A and B are g o -valued functions on M which, moreover, commute with Λ 3 . They give the "electric" part of the Yang-Mills potential. One can choose a temporal gauge so that B = 0, and since one is mostly interested in the noncommuting aspects of the Yang-Mills field the component A is often assumed to be zero, as we will also do from now on.
The static spherically symmetric field equations for the full EYMH system can now be written in a form just slightly more general than those derived in [17, 19] . We need to observe that locally invariant Higgs fields are described by V -valued functions of r, i.e maps r ∈Ũ ⊂ R → V , since here H = U(1), subject to the condition (25) which becomes
The Yang-Mills equations then become
(46) The Higgs equation takes the form
To derive the expression for the stress-energy tensor repeated use of (41), (42), the representation property,
well as the assumption that ρ X is anti-Hermitian on V must be made. We find from these relations that (50) and then that (T α β ) = diag(−e, p r , p θ , p θ ) with
W, (52)
so that the Einstein equations become
Consistency of the spherically symmetric equations
The equation (45) can be viewed as a constraint equation since the equations (43), (44), and (47) are second order differential equations which when solved will fully determine Yang-Mills potential and the Higgs field. The next proposition shows that away from the singular points where N(r) = 0, S(r) = 0, or r = 0 the constraint equation (45) is 'conserved', i.e. automatically satisfied if it is satisfied at one point and hence it is only a constraint on the initial data for the differential equations (43), (44), (47). We suspect that as in the EYM case this will still hold for solutions defined about the singular point but we have not (yet) done an analysis of the differential equation near the singular points similar to that in [17, 19] . 
PROOF. Let
Differentiating γ and using equations (43), (44), and (47) yields
The Jacobi identity and equation (41) imply that
while for any A ∈ g o and j = 1, 2,
follows from (34), (36), and (37). But
since ρ A is anti-Hermitian. Since A ∈ g o was chosen arbitrarily, (58) then implies that
So (56), (57) and (59) imply that γ ′ = 0 and hence γ = const on the interval [r 1 , r 2 ). Clearly γ(r 1 ) = 0 then implies that γ(r) = 0 for all r ∈ [r 1 , r 2 ).
It remains to investigate the consistency of the Yang-Mills equations (43) and (44) together with (41). First we have
(60)
= 0 .
Since A ∈ g o was chosen arbitrarily, the above two results imply that [
With (60) it follows easily that (43) and (41) together imply (44). In fact, these Yang-Mills equations are more conveniently described in complex form. Let g = g o ⊗C be the complexification of g o so that g o is its compact real form with respect to the conjugation c :
so that Λ − = −c(Λ + ) and c(Λ 0 ) = −Λ 0 and, by (41),
The Yang-Mills equations (43),(44) are then equivalent to
With respect to the invariant metric k the operator ad Λ 0 is Hermitian and g can be decomposed into eigenspaces of ad Λ 0 ,
By (62), Λ + (r) ∈ g 2 ∀ r and therefore so are Λ ′ + , Λ ′′ + , and also, by (57), [ F , Λ + ]. On the other hand, Proposition 3 implies that also the right hand side of (63) lies in g 2 for any (anti-Hermitian) representation ρ : g o → gl(V ) provided that the Higgs field satisfies (42). Equations (63) thus represent consistent second order differential equations for the gauge potential components, subject only to the constraints (45) being satisfied at one point.
Explicit form of the field equations
If we are just trying to construct a local solution of the EYMH equations in some radial interval in which none of r, N(r) and S(r) is zero we can choose a constant Λ 0 ∈ g, subject to it being an integral lattice point within the closed fundamental Weyl chamber of some Cartan subalgebra and satisfying c(Λ 0 ) = −Λ 0 . (This will fix an explicit action of the symmetry group K o = SU(2) by automorphisms on the principal bundle [16] .) Then any r-dependent Λ + ∈ g may be chosen subject to (62) and, at one point, to (45).
But the interesting and physically more relevant EYMH fields are global ones which remain regular at the center r = 0 or at a black hole horizon where N = 0 and which have an appropriate asymptotic behavior. It is clear from the expressions for energy density and pressures in equations (51)-(53) that Λ ′ 1 , ρ Λ 1 Φ and, in particular, F must vanish for r = 0. This means that also [Λ 1 , Λ 2 ] = Λ 3 at that point which in turn implies that the induced Lie algebra homomorphism λ ′ : k 0 → g o defines a so-called A 1 (or defining) vector Λ 0 = 2i Λ 3 in the Cartan subalgebra of the complexified Lie algebra g = g o ⊗ C and thus a conjugacy class of sl(2)-subalgebras. Even when no regularity at the center is required, for example when solutions need only be found outside a black hole, natural physical fall-off conditions at infinity also imply F = 0 (at least when the space-time is asymptotically flat and the magnetic charge vanishes). We will therefore from now on make the assumption that Λ 0 is an A 1 -vector.
Up to conjugacy these A 1 -vectors and their corresponding subalgebras form a finite set and, given a base {α 1 , . . . , α ℓ } of the set of roots R of the Lie algebra g, are uniquely described by the characteristic χ = α 1 (Λ 0 ), . . . , α ℓ (Λ 0 ) . There is always a root base ∆ such that α k (Λ 0 ) ∈ {0, 1, 2} ∀ k, and all possible characteristics and thus all conjugacy classes of sl (2))-subalgebras of simple Lie algebras have been classified ( [18, 29] ). In view of (62) the invariant connection on the principal bundle for a given conjugacy class of K-actions of automorphisms is then fully given by the (complex) functions w α (r) such that
Here we have introduced a Chevalley-Weyl basis {h α , e β , e −β : α ∈ ∆, β ∈ R + } (where R + is the set of positive roots, cf., for example, [30] ) of g for which we adopt the conventions and definitions
k(e α , e −α ) = −2|α|
The gauge connection is thus described by as many complex functions of r as there are elements in S λ . In fact, by the definition of the roots, the eigenspace g 2 of ad Λ 0 is spanned by the set {e α : α ∈ S λ }.
In the EYM case the field equations need to be solved for the two real functions N (or m) and S of r and the complex functions w α = ω α e iγα = u α + iv α for α ∈ S λ . This turns out to be considerably simpler if the set S λ forms a Π-system [18] , i.e. if α, β ∈ S λ implies that α−β is not a root. Then [e α , e −β ] = 0 if α and β are two distinct elements of S λ [16, 17] . Then S λ also generates a subalgebra of g. In particular, S λ is a Π-system if Λ 0 is contained in the open Weyl chamber of the Cartan subalgebra of g [16] which means, in particular, that α(Λ 0 ) > 0 ∀ α ∈ R + . We have called this the regular case.
The simplification occurs largely because the constraint equation (45) then implies that the phase γ α of w α is constant and can be chosen zero by a gauge choice. As the following shows this may not always be the case in the presence of Higgs fields, but the equations are still much simpler.
In the following we will derive an explicit form for the Yang-Mills and the Higgs equations only since no new insight is gained by reformulating Einstein's equations.
The left hand side of equations (43)-(45) has been derived in [17] and [19] .
From (65) we have
and
δ∈S λ µ δαβγ e δ and R +,α is the e α -component of R + . Note that it follows from proposition 3 that R + ∈ g 2 = span{e α : α ∈ S λ }. Moreover, [e α , e −β ] ∈ g 0 if α, β ∈ S λ and ρ(Φ, Φ ′ ) ∈ g 0 . By proposition 2 (70) needs to be solved for the w ′ α 's only for one r-value.
In the regular case µ αβγδ = 0, so (69) represents the components of an equation in the span of {h α : α ∈ S λ }. Moreover, [e α , e −β ] = δ αβ h α so that (70) becomes a condition for the derivatives of the phases of the complex functions w α (r) (which when the right hand side vanishes like in the EYM case means that the phases will be constant and the w α s can be chosen real by fixing the gauge.)
Since in (33) the quantityρ is only defined for A ∈ g o in order to evaluate the right hand side of (69) and (70) we introduce (temporarily) the basiŝ
(−e α + e −α ),f α := i 2 (e α + e −α ) (j = 1, . . . ℓ, α ∈ R + ).
(71) whose R-linear span is the compact real form g o of g. In this basis {e Γ } = {h j ,ê α ,f α } the invariant metric then has the form
We extend the anti-Hermitian representation ρ : g o → gl(V ) to g in the obvious way, ρ X+iY := ρ X + i ρ Y , and let
It then follows for the Hermitian conjugates with respect to the inner product h on V that ρ
and that ρ Λ 0 is Hermitian and ρ
where (c ij ) is the inverse of the Cartan matrix, we find from (33) that
Now any (finite-dimensional) representation of G is the direct sum of irreducible ones which can be obtained from irreps of g and are characterized by their highest weight Λ ∈ h * (the dual of the Cartan subalgebra h). Any other weight µ is then given by µ = Λ − ℓ i=1 q i α i for certain nonnegative integers q i . The set of eigenvalues of ρ Λ 0 is E o = {µ k (Λ 0 )}, where the µ k are the weights of the representation. Thus spherically symmetric Higgs fields for a given Λ 0 , i.e. choice of the action of K, and a given representation ρ exist provided at least one of the irreducible components of ρ has a weight µ with µ(Λ 0 ) = 0.
In particular, for the adjoint representation, ρ = ad and V = g o , there is always a weight 0 with multiplicity equal to the rank of g and any Φ ∈ h is a solution of (42).
Moreover, in the regular case where α(Λ 0 ) > 0 for all positive roots α every solution of (42) lies in h.
Next we observe that since ρ Λ 0 is a Hermitian operator the vector space V is a direct sum of mutually orthogonal eigenspaces of ρ Λ 0 ,
so that (42) now states that Φ(r) ∈V 0 ∀ r and thus also Φ ′ (r) ∈V 0 . Moreover, it follows easily that
and therefore ρ α Φ ∈V 2 when α ∈ S λ so that, in particular, ρ Λ ± Φ ∈V ±2 and ρ j Φ ∈V 0 .
Thus, if we replace x and y in (76) by Φ and Φ ′ , respectively, we get the expression needed on the right hand side of (70) except that the second sum needs only be taken over those roots α ∈ R + for which α(Λ 0 ) = 0, in view of (78), since both Φ and Φ ′ lie inV 0 and theV σ are orthogonal for distinct σ.
In the regular case α(Λ 0 ) > 0 ∀ α ∈ S λ so that the constraint equation (70) In the evaluation of R + one obtains expressions h(ρ ±α Φ, ρ ±β Φ) (for all choices of the signs) where α ∈ S λ and β ∈ R + . But if Φ ∈V 0 then ρ ±α Φ ∈V ±2 and ρ ±β Φ ∈V ±β(Λ 0 ) . Since these eigenspaces of ρ Λ 0 are mutually orthogonal the only inner products that are nonzero are those when α, β ∈ S λ and the signs are the same. It follows that
and R α,β := h(ρ α Φ, ρ β Φ), α, β ∈ R, Φ ∈V 0 .
Again, in the regular case, or whenever we know that α, β ∈ S λ implies that α−β is not a root, this simplies somewhat. For we have ρ −α ρ β Φ = ρ [e −α ,e β ] Φ+ ρ β ρ −α Φ = ρ β ρ −α Φ and therefore R −α,−β = h(ρ −α Φ, ρ −β Φ) = h(Φ, ρ α ρ −β Φ) = h(Φ, ρ −β ρ α Φ) = h(ρ β Φ, ρ α Φ) = h(ρ α Φ, ρ β Φ) = R α,β so that
Conclusions
We have shown how to, in principle, construct Einstein-Yang-Mills-Higgs systems that are invariant under an arbitrary action of a space-time symmetry group that acts by principle bundle automorphisms which leave the gauge connection invariant as well as Higgs fields defined via any unitary representation of the (compact) gauge group. The classification of the possible actions by automorphisms is known for the symmetry group SU(2), but may be more difficult to find for larger groups. One would need to first find all conjugacy classes of a certain type of Lie subalgebras of the gauge Lie algebra.
We have obtained an explicit form of the full field equations in the static spherically symmetric case and shown that they form a consistent system of ordinary differential equations. Before global solutions can be found numerically it would be necessary to investigate in some detail the boundary conditions that regularity conditions at a center, horizon or in an asymptotic region will imply.
It must be pointed out that not all cases of physical interest even for the static spherically symmetric case are covered by this approach. For example, the doublet Higgs field coupled to an SU(2)-gauge and gravitational field in [31] cannot be described in our formalism because the Higgs field is not spherically symmetric. In fact, the representation of su(2) in this case is the direct sum of two irreducible two-dimensional ones for which there is no weight µ with µ(Λ 0 ) = 0. These authors make a simple ansatz for the Higgs field using the gauge choice for the potential often attributed to Witten [27] . They then find that the stress-energy tensor is spherically symmetric and thus compatible with a spherically symmetric ansatz for the space-time metric.
One might ask whether with our gauge choice one can assume that only the quantity h(D (α Φ, D β) Φ) is spherically symmetric rather than Φ itself. Unfortunately this is not possible since then h(ρ Λ 3 Φ, ρ Λ 3 Φ) would have to vanish which implies ρ Λ 3 Φ = 0, i.e. an invariant Higgs field. On the other hand we do not know whether the Witten ansatz for spherically symmetric gauge fields can be generalized to gauge groups other than SU(2) or whether perhaps another equally convenient gauge exists.
